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The Phase-Field method is an attractive numerical technique to simulate frac-
ture propagation in materials relying on Finite Element Method. Its peculiar
diffuse representation of cracks makes it suitable for a myriad of problems,
especially those involving multiple physics and complex-shaped crack
patterns.
Recent literature provided linear relationships between the width of the diffuse
crack and the material intrinsic fracture toughness, through a material
characteristic length. However, lately, it was shown how the existence of a
residual stress field can affect the represented crack width even for fully
homogeneous materials, in terms of toughness.
In this short note, the authors tried to shed some light on the factors
influencing the width of the diffuse crack representation. By simulating crack
propagation in several residually stressed brittle materials, it was shown how
the width of the diffuse crack is affected by the ratio between the driving force
- due to the externally applied load - and the driving force required to
propagate the crack. In other words, the diffuse crack extent can be linked to
the degree of crack propagation stability/instability. Monitoring the evolution
of the studied quantity can be of great interest to rapidly assess crack instabil-
ity circumstances, under displacement control.
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1 | INTRODUCTION
Modern structural mechanical design criteria rely more and more on damage-tolerant approaches.1 This methodology
is motivated by the need to put into service engineering systems that manifest first signs of failure well in advance, so
that either safety or maintenance measures can be carried out before catastrophic or irreversible failures occur.
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For this reason, in recent years, a considerable amount of effort has been put by the scientific community into the
development of reliable tools to predict crack initiation and propagation in structures and materials. One of the most
promising Finite Element Method (FEM)-based numerical technique, used to face this problem is called Phase-Field
(PF) approach.2,3 PF method employs a diffuse representation of cracks in a solid body, using a phase-field variable
which assumes unitary value when the body is fully cracked and a null value when the material is in its pristine condi-
tions, while a gradual transition between the two states is guaranteed. There exist a variety of FEM-based approach to
tackle fracture mechanics problems, such as XFEM4–6 or node release,7 however, PF stands out for its performance
when dealing with multi-physics problems,8 crack branching/intersecting9 and material nonlinearity.2,10–14 In some
instances, PF may be computationally costly, and for this reason, lately several strategies have been proposed.15,16
A very recent work proposed by one of the authors of the present paper combined - for the first time - the
eigenstrain theory17,18 within the PF framework to account for residual stress fields.19–22 In that study, a single inclu-
sion undergoing inelastic deformation (eigenstrain) was introduced in a Single Edge Notched Plate (SENP), assuming a
homogeneous linear elastic and brittle material. It was shown how the presence of residual stress can affect the
resistance curve of the material (R-curve), and thus how residual stress, if appropriately design, can be thought of as a
material toughening mechanism. Interestingly, it was observed that the transverse width – with respect to the crack
path - of the smeared crack representation is affected by the residual stress field.
In the present paper, the authors attempt to shed some light on the existence of a correlation between the diffuse
crack representation width (Phase-Field Width, PFW) and the crack propagation behaviour in a monotonic loading
context. Different sample configurations were employed including the presence of an inclusion subjected to a hydro-
static eigenstrain assuming several magnitudes spanning from positive to negative values. For these studied cases, the
size of the PFW was monitored, and its evolution was compared to the R-curves obtained in a previous study reported
in the literature.19 The results are comprehensively discussed, and a sound explanation of the phenomena is provided.
2 | METHOD
A similar model discussed in detail in one of the author's recent publication19 was employed in the present study. Both
sample geometry and material properties were kept the same. In brief, the PF model proposed by Miehe23 was used,
with a history variable in the source term for the phase-field equation to account for the crack irreversibility, and the
split of the elastic energy into tensile and compressive parts based on the spectral decomposition of the strain tensor
into a compressive part and its tensile counterpart. This strain decomposition allowed for the introduction of an
anisotropic model to ensure that crack propagates only under the effect of tensile deformation.23 Moreover, both the
geometric crack function and the energetic degradation function were of a quadratic form. Eigenstrain source was
introduced by subtraction from the total strain in order to obtain the elastic strain tensor.
The SENP sample studied in the present analysis is shown in Figure 1, alongside other geometrical features, such as
inclusion coordinates and size, and material properties in the corresponding table. In this study,”a” denotes the entire
FIGURE 1 Sample geometry, boundary conditions and other parameters. Description of parameters and values given in the table
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crack length, evaluated from the origin of the cartesian coordinate system shown in Figure 1, therefore by also
including the pre-crack length (a0). The employed material was of a linear elastic homogeneous type, under plane stress
condition. The domain was discretised using adequate mesh refinement in correspondence of the envisaged crack
propagation path.
3 | ANALYSIS & RESULTS
The study of the diffuse crack width was performed in two different inclusion configurations: a) x0 = 6 mm, y0 = 0 mm;
b) x0 = 20 mm, y0 = 3 mm. For all these configurations, three different hydrostatic eigenstrain magnitudes were applied
within the inclusion, i.e. ε* =  0.0015, ε* = 0.0015 and ε* = 0.0030, in addition to the reference configuration: fully
homogeneous material.
Given that the geometric crack function used in this work was of quadratic type,24,25 this leads to a diffuse





Where ; is the crack PF, ξ is the diffuse crack transverse coordinate (according to Figure 1) and l0 is the parameter that
identifies the width of the diffuse crack representation (PFW) – see Figure 2. Therefore, this function will be used to fit
the results of the FEM simulation through the whole x-direction range. It is clear that the sought parameter is l0 and its
evolution along x. This fitting procedure is applied at each extracted PF profile, once the crack has fully propagated. It
is important to remind that this procedure is carried out by considering the undeformed configuration of the sample.
Once the value of the crack width has been estimated for each geometric and eigenstrain configuration (l0,ε), the
obtained profiles are normalised by the corresponding values for the simulation that does not consider the inclusion
presence (l0,ε¼0), therefore a normalised crack width profile can be obtained:





The result of the diffuse crack representation is reported in Figure 3(B), alongside the corresponding J-R curves
(Figure 3(A)) to facilitate comprehension. It is clearly visible that the presence of a residually stressed field affects the
width of the PF, indeed, β does not show a constant unitary value.
In principle, J-R curves provide a picture of the material fracture toughness as the crack progresses. Given the brittle
nature of the analysed material, the actual J-R curves could not be evaluated within the regions where the externally
applied load introduced a driving force exceeding the toughness of the material, i.e. crack instability. If the material
FIGURE 2 Crack smeared representation. (A) Filtered contour plot of phase-field representing a propagated crack and relevant
dimensions and coordinates. (B) Crack representation profile using the quadratic geometric function representation and characteristic size l0
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had shown a certain degree of ductility or some additional toughening contribution, then the sample could be partially
and stably unloaded as the crack advanced, and the actual J-R curve could be evaluated. It is therefore evident that
precise evaluation of J-R curves in brittle materials is a difficult task, particularly concerning experimental analyses.
Nonetheless, the normalised PFW (β) can provide some insights on the difference between the externally applied
driving force and the necessary driving force to allow for crack propagation.
For instance, if we consider the sample configuration devising an inclusion in correspondence of the pre-crack tip
and a positive eigenstrain prescribed in it, the profile of β tells us something interesting. By neglecting the very first
increase of the normalised PFW which is due to tensile stress generated at the crack tip by the inherent presence of the
inclusion, it is visible how β decreases assuming values smaller than the unity. Within the range where β < 1, the pres-
ence of residual stress affected the J-R curve in a way that a pronounced material toughening is experienced,
i.e. “rising” curve. Interestingly, at the crack length where β = 1, the propagating crack - under displacement control -
reaches the instability condition, net of some numerical errors. The plots reported in Figure 3 come together with three
different vertical lines that help to visualise the points crossing the β = 1 value and help to correlate these positions, in
terms of a/w, with the iso-displacement curves intersecting the corresponding J-R curves (Figure 3(A)).
Once the displacement-control instability is reached, the applied driving force becomes gradually higher than the
minimum driving force required to propagate the crack. Certainly, upon propagation of the crack past the inclusion
the residual stress is fully relaxed and the material in this region must assume that the fracture toughness of the parent
materials. So, in principle, the R-curve must fall and match the fully homogeneous residual stress-free toughness. How-
ever, as the externally applied load is monotonically increasing, this characteristic falling R-curve is not perceivable,
and the external driving force is constantly higher than the material toughness. This aspect is noticeable by simply
looking at the β profile that, depending on the applied driving force when the crack propagation instability is reached,
assumes a nearly constant value. Hence, it is sensible to state that the PFW is somehow correlated with the ratio
between the instantaneously applied driving force Jl and the actual fracture toughness Jl,C:
λ x=wð Þ¼ Jl x=wð Þ
Jl,C x=wð Þ ð3Þ
FIGURE 3 Results for the geometrical configuration x0 ¼ 6mm & yo ¼ 0 at different hydrostatic eigenstrain in magnitudes.
(A) J-R curves and (B) relative PF width as the crack propagates (shaded in grey the region occupied by the inclusion)
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Both, the positive eigenstrain magnitudes analyses here confirm this trend. On the other hand, if a negative eigenstrain
is imposed in the inclusion domain, then the generated tensile residual stress in this region will facilitate the propaga-
tion, making the crack propagation unstable as soon as the crack nucleates. As depicted in Figure 3(A), the iso-
displacement curve associated with the displacement required to nucleate the crack at ε* =  0.0015, makes the crack
propagating in an unstable manner throughout the whole inclusion domain. Only after the crack has past the inclusion
then the external driving force can be increased to make sure further propagation takes place. According to the observa-
tions made for the positive eigenstrain in the inclusion, the same conclusions can be drawn here. More explicitly, if
β > 1 the crack propagates in an unstable manner, while as soon as β equates the unity, then the propagation that fol-
lows turns stable. It is worth reminding that these considerations are valid in theory, while in practical applications
some other conditions need to be satisfied in order to arrest a crack that propagates in an unstable manner.26
The last remark is due to the β < 1 after passing the inclusion region for the ε* =  0.0015 configuration. In this
region, the crack overcomes the inclusion in a favourable way (given the tensile residual stress of the inclusion) and
therefore it enters an unaffected domain of material where the crack driving force required to further propagation is
higher than the current, therefore the crack propagates in a stable manner by gradually increasing the applied external
displacement.
To obtain a further confirmation of the relationship between the PFW (β) and the ratio between the applied driving
force and the local fracture toughness (λ), a second case-study was analysed. This concerned an inclusion centred at
x0 = 20 mm and y0 = 3 mm, according to the coordinates depicted in Figure 1. Similarly, to what extracted from the
previous case-study, the β profile was evaluated by monitoring the PFW and performing a normalisation with respect
to the sample not showing the inclusion (fully homogeneous). The results are shown in Figure 4.
As well as the previous case, vertical lines were drawn to at the points where β turns its magnitude to values greater
than the unity (β > 1); this is evident for those cases that considered positive eigenstrain magnitudes. Indeed, the same
correspondence to the instability points under displacement control was found. In other words, when the iso-
displacement curves intersect the J-R curves (Figure 4(A)), β crosses the unity level (horizontal line in red). Remark-
ably, before the crack entered the inclusion, the negative eigenstrain hydrostatic case showed relatively low β values
(mostly below 1), meaning that the compressive residual stress in front of the crack tip reinforced the stable crack prop-
agation condition, at least under displacement-controlled load. Nevertheless, it is worth highlighting the numerical
errors within this region can play a relevant role and therefore these conclusions may be affected by an insufficient
FIGURE 4 Results for the geometrical configuration x0 ¼ 20mm & y0 ¼ 3mm at different hydrostatic eigenstrain in magnitudes.
(A) J-R curves and (B) relative PF width as the crack propagates (shaded in grey the region occupied by the inclusion)
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statistical correlation. Lastly, as expected, but not strikingly noticeable as the previously obtained J-R curves, the nega-
tive eigenstrain (tensile residual stress within the inclusion) generated an increase of β, meaning that the fracture
toughness within the inclusion resulted to be lower than the surrounding and therefore crack propagation instability
occurred.
A correlation analysis was performed to verify that the hypothesis of a close relationship, between the PFW (β) and
the crack driving force ratio (λ), does exist. The correlation coefficient was estimated through the analysis of the
positive eigenstrain case-studies at crack propagation length of a/w = 0.5. By considering the local values of J-integral
at a/w = 0.5, as indicated by the filled circles in both Figure 3 and Figure 4, local values of λi were found. At the same
crack extent, values of PFW were extracted as well (βi). The crack propagation length of a/w = 0.5 was chosen because
at this propagation stage the crack has overcome the inclusion (no residual stress presence) and therefore the actual
material toughness is well-known to be the intrinsic material toughness.
Correlation between βi and λi was found to be high enough to confirm the hypothesis, i.e. 0.9915. Thereby, it can be
inferred that β provides information about the actual material fracture toughness with respect to the externally applied
force.
A simple empirical power-law relationship could be found to link together the β and λ:
λ¼ βm ð4Þ
where m is an empirical coefficient that turned out to be 1.8 for the case reported in the present study, giving rise to
relative errors smaller than 7%. However, some factors might affect the link between the two parameters, for instance
the type of PF formulation. Eventually, further effort is still required to generalise the findings of this study.
4 | CONCLUSIONS
The analysis presented in this study showed how information regarding crack propagation stability can be extracted
from the Phase-Field method. In particular, the significance of the variation of the Phase-Field diffuse zone width
(PFW) during crack propagation has been revealed for residually stressed brittle materials. A causal link between the
ratio of externally applied to necessary crack propagation driving forces and the corresponding PFW was found. Given
that the determination of the actual R-curve becomes very challenging for brittle materials as it is extremely difficult to
stop an unstably propagating crack, the PF method can help to identify local fracture toughness changes, at least when
dealing with residually stressed materials.
A simple empirical formulation has been proposed to establish a mathematical relationship between the two
analysed aspects. However, further effort should be made to establish a more rigorous relationship between the
R-curves and the PFW, depending on a variety of PF crack diffuse representation ways proposed in the literature.
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